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A N D  P R E S S U R E  

We e x a m i n e d  a x i s y m m e t r i c  f i l t r a t i o n  f lows in the n o n l o c a l l y  e l a s t i c  f i l t r a t i o n  r e g i m e .  The so lu t ion  
i s  p r e s e n t e d  of  the  p r o b l e m  of p r e s s u r e  r e c o v e r y  in a f o r m a t i o n  a f t e r  sudden  t e r m i n a t i o n  of f lu id  r e m o v a l .  
I t  i s  shown tha t  the  we l l  p r e s s u r e  r e c o v e r y  c u r v e  has  two a s y m p t o t i c  r e c t i l i n e a r  s e g m e n t s  c o r r e s p o n d i n g  
to d i f f e r e n t  f o r m a t i o n  p i e z o c o n d u c t i v i t y  c o e f f i c i e n t s  ( l a rge  fo r  s m a l l  t i m e s ,  and s m a l l  f o r  l a r g e  t i m e s ) ,  
w h i c h  opens  up the p o s s i b i l i t y  of new i n t e r p r e t a t i o n s  of t h e  known s h a p e s  of the  m e a s u r e d  c u r v e s .  

1. In a c c o r d a n c e  wi th  the t h e o r y  of the  n o n l o c a l l y  e l a s t i c  f i l t r a t i o n  r e g i m e  of h o m o g e n e o u s  f lu id  in 
a deep  p l a n a r  f o r m a t i o n  [1], the l i n e a r  equa t ion  of u n s t e a d y  • t r a t i o n a l  f low 

Op O~ ko G (1.1) 
(% ~- a) ~t- -- b Ot -- mo~to" V2p + m02"----~ 

i s  s u p p l e m e n t e d  by the i n t e g r a l  condi t ion  f o r  c o n s t a n c y  of the r o c k  p r e s s u r e  F(xt, x2) a t  e ach  po in t  of the  
f o r m a t i o n  

: o  

- - c o  

H e r e  p and p a r e  the  d e n s i t y  and v i s c o s i t y  of the  f i l t e r i n g  f lu id ,  k and  m a r e  the p e r m e a b i l i t y  and 
p o r o s i t y  of the  f o r m a t i o n ,  p i s  the p o r e  p r e s s u r e ,  and  u i s  the  e f f ec t i ve  p r e s s u r e  in the s k e l e t o n  of the 
p o r o u s  m e d i u m  

P / p0 ~--- t + a~ (p - p0); .m / m 0 = I + a (p - p0) - b (~ -- %), k 0 = const ; 

the  s u b s c r i p t  z e r o  r e l a t e s  to the  u n d i s t u r b e d  s t a t e ,  G i s  the  i n t e n s i t y  of the  s o u r c e s  (s inks)  s i m u l a t i n g  
wel l  o p e r a t i o n ,  and  r i s  the  in f luence  func t ion ,  g iven  [1] in  the  f o r m  

E j 
{ = I ,  2 

If the  i n f luence  zone  s c a l e  d i s  m u c h  s m a l l e r  than  the c h a r a c t e r i s t i c  d i m e n s i o n  of the r e g i o n  of  
v a r i a t i o n  of the  p r e s s u r e  p, cond i t ion  (1.2) b e c o m e s  the usua l  [2, 3] l o c a l  cond i t ion  fo r  c o n s t a n c y  of the r o c k  
p r e s s u r e :  a + p = F. H o w e v e r ,  if  the s c a l e  d i s  r e l a t i v e l y  l a r g ~  cond i t ion  (1.2) r e d u c e s  to the cond i t ion  
O~/Ot = 0 a s  d ~ ~ .  

The  cond i t ion  (1.2) i s  g i v e n  the fo l lowing  p h y s i c a l  i n t e p r e t a t i o n  [1]: fo r  r e l a t i v e l y  s m a l l  d i m e n s i o n s  
of the  d e p r e s s i o n  funnel  the  r o o f  and  f l o o r  of the  f o r m a t i o n  do not  d i s t o r t  and  t h e r e  i s  no c o m p r e s s i o n  of 
the  s k e l e t o n  of the  m e d i u m  (u = u0) �9 As  the d e p r e s s i o n  funnel  g r o w s  the roo f  and f loo r  beg in  to d e f l e c t ,  
the  l o a d  on the s k e l e t o n  of the  f o r m a t i o n  a t  the c o n s i d e r e d  po in t  xt ,  x2 i n c r e a s e s  and  a t  the s a m e  t i m e  the 
e f f e c t i v e  c o m p r e s s i b i l i t y  of the f o r m a t i o n  i n c r e a s e s .  

2. If we w r i t e  the cond i t i on  (1.2), (1.3) in the  (r ,  ~) p o l a r  c o o r d i n a t e  s y s t e m  and then  use  the  cond i t ion  
of  i n d e p e n d e n c e  of  the  l o c a l  i n c r e m e n t s  A~(r ,  t),  Ap( r ,  t) on the  p o l a r  a n g l e  e ,  wh ich  i s  c h a r a c t e r i s t i c  fo r  
f lows  wi th  a x i a l  s y m m e t r y ,  and  if  we then  use  the i n t e g r a l  (see [4], page  972) 

2~ 

{ 2rp cos cp I ~ [ 2r2 , exp \ T  / d%= 2 1 t o - U - )  (2.1) 
0 
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we o b t a i n  

A~(r. t) +-dg- Io ,,. d~]exp ( Ap(p, t )pdp=0 (2.2) 
0 

w h e r e  I0 is  the  B e s s e l  f u n c t i o n  of i m a g i n a r y  a r g u m e n t .  

L e t  u s  e x a m i n e  the  p r o b I e m  of p r e s s u r e  r e c o v e r y  i n  a f o r m a t i o n  a f t e r  i n s t a n t a n e o u s  s h u t d o w n  of a 
w e l l  o p e r a t i n g  w i t h  the  f l o w r a t e  Q = consto  L e t  p0(r) be  the  i n i t i a l  s t e a d y - s t a t e  p r e s s u r e  d i s t r i b u t i o n .  The  
i n i t i a l  a n d  b o u n d a r y  c o n d i t i o n s  a r e  

p-----p0(r) for t ~  0 and for r --* o% O p / O r = O  for r-= 0. t > 0  (2.3) 

In  t h i s  c a s e  the  i n i t i a l  p r e s s u r e  d i s t r i b u t i o n  p0(r) s a t i s f i e s  the  c o n d i t i o n  

2~kh ( Opo 
P, r-~r ]-- Q-  for r=O,  t < O  

We s e t  
Q~ 

P = Po (r) -I- ~ u (r, t) 

(2.4) 

S u b s t i t u t i n g  (2.5) in to  (1.1), s e t t i n g  t h e r e i n  G = O,and t a k i n g  (2 .2) - (2 .4)  in to  a c c o u n t ,  we o b t a i n  the  
s o l u t i o n  of the  i n t e g r o d i f f e r e n t i a l  e q u a t i o n  

r 

ou 2a I ( r p )  ( r 2 . ~ p ~ \ ' O u ( p , t )  ~r O /  Ou\ 
( t - -c t ) -~t---~K Io 2--~- exp --  d ~ ) Ot pclg='-r--'~'r ~r'~-r ) 

0 

wi th  the  c o n d i t i o n s  
u~-~ 0for t-~ Oandforr---~cc,(rOu/Or)= --tfor r--~ 0, t > 0  

H e r e  ~t = k 0 (#0flm0) -1 i s  the  p i e z o e o n d u e t i v i t y  c o e f f i c i e n t ,  a = b / f l ,  fl = ap + a + b i s  the  m a x i m a l  
c o m p r e s s i b i l i t y  of  the  f o r m a t i o n .  

A p p l y i n g  to (1.6) the  i n t e g r a l  Hanke l  t r a n s f o r m a t i o n  r e l a t i v e  to  the  t r a n s f o r m a n t  

? 

we obtain the  e q u a t i o n  o 

OU ~P (D • z 
Ot + ~p(~)U= ~2 , r l - -a[ t - -exp( - -1 /4d~ ,~)[  U ~  0 for t~-- 0 

The  s o l u t i o n  of (2.8) h a s  the  f o r m  

(2.5) 

(2.6) 

(2.7) 

(2.8) 

co 

1 --  exp [-- ~ (~) t] f 1 --  exp [-- q (~) t[ (2.9) 
U ()~, t) -- )~ , u (r, t) = e ~ J0 (r~) d)~ 

0 

a n d  c a n  be  u s e d  to i n t e r p r e t  w e l l  p r e s s u r e  r e c o v e r y  c u r v e s ,  i . e . ,  the  f u n c t i o n  p ( r w ,  t) w h e r e  r w  i s  the  w e l l  
r a d i u s .  In  t h i s  e a s e  we  s h a l l  c o n s i d e r ,  a s  u s u a l ,  t ha t  i n s i d e  the  r e a l  w e l l  t h e r e  i s  a p o i n t  ( f i c t i t i ous )  w e l l  
of  the  s a m e  f l o w r a t e ,  w h i c h  c a n  s i m u l a t e  the  r e a l  we l l  p r o v i d e d  r w 2 / ( ~ )  << 1 - r e l a t i v e  s m a l l n e s s  of the  

we l l  r a d i u s  - w h i c h  i s  a l w a y s  r e a l i z e d  i n  p r a c t i c e .  

F r o m  the  s o l u t i o n  (2.9) we  have  

t --  e *  (~' ~; 0, ~) ~z~ (2.10) 
U(rwt) = ~  z Jo(z) dz, ~ =  l__ct [[__exp(__0z~] 

o 

w h e r e  e = d2/(4rw2) ,  T = u t / r w 2 .  The  q u a n t i t y  ~ = a [ 1 - e x p  ( -  0z2)] < 1, s i n c e  a < 1, 0 > 0. We n o t e  t ha t  

oo c~3 

* =  Y + (2.1.1) 
n ~ o  n ~ l  m 

w h e r e  the  s u m m a t i o n  o v e r  m e x t e n d s  to a l l  the  p o s i t i v e  i n t e g e r  s o l u t i o n s  of the  e q u a t i o n s  i + 2 j + . . . + l k  = n ,  
i + j + . . .+  k = m (see [4], page  34)~ M o r e o v e r  the  e x p a n s i o n  h o l d s  

oo 

j z  anl i  e_Oz~)n czn ~ ( - - 1 )  n! e-VOz2 
, _  _ 

(2.12) 
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Subst i tut ing the s e r i e s  (2.11), (2o12) into the in teg ra l  (2.10) and in tegra t ing ,  we obtain 
c ~  n 

u = -- ~-~- Ei (-- 4-~) - 2  ~ ~n ~ (-- i)m'~rn ~ ]!-~. - ~ ~ '  (-- l)~n! (m-- t)! vl (n -- v)! X exp (-- ~/s ('~ + ~ 0 ) ) ( , ~  + v0)m-~/~ Mra-% (' 8 (~ @i v0)') (2.13) 

w h e r e  we have in t roduced  the Whi t t ake r  funct ion [4] 

xthe%X d(m-1) 
Mm_V~ (x) ~ (m - -  l)! dx(m-1) (xm-le-X)' m ~ t 

In the l imi t ing  c a s e s  with 0 = 0 and ~ = co we have,  r espec t ive ly ,  

1 ' 1 1 1 - -  o~' 
uo = -- --~- Eii--  -~- ) u~o= -- "~- Ei (-- ~ )  (2.14) 

We shal l  make  a rough  e s t ima te  of the a p p r o a c h  of the funct ion u(v) to these  l imi t ing  va lues  fo r  
a r b i t r a r y  ~. A c c o r d i n g  to [4] we have fo r  suf f ic ien t ly  l a r g e  ~" + vO. 

Mrn-V~ ( 1 t 0 t 

c r  n 

(2.15) 

If 0 << v, then 

t + v 0 / ~ t  

f o r  the p r inc ipa l  t e r m s  of the expansion(2.15) .  Then by v i r tue  of the equal i ty  
n 

( -  ~)" nI = o  
v ~ 0  

we obtain  

u = u 0 + O  (i/v) for v ~ 0  (2.16) 

At the init ial  m o m e n t s  of t ime  0 > > 7 .  Then  in (2.15) the p r inc ipa l  t e r m s  will  be those  with v = 0 and 
the t e r m s  with v ~ 0 a r e  of o r d e r  O(Tn/0 ) and h igher .  T h e r e f o r e ,  r e t a in ing  in (2.14) only the f i r s t  t e r m  
en = an ,  we obtain ~ = Tz 2 (1-- C~) -1, which  y ie lds  u = u~ .  Hence we f inal ly  have the e s t i m a t e  

u = uo~ + 0 (~/0) for/~ ~ O (2.17) 

3. A c c o r d i n g  to (2.5) the p r e s s u r e  r i s e  Ap = P(rw, t) - P(rw, 0) r e c o r d e d  in r e a l  wel l s  is e x p r e s s e d  
in t e r m s  of the r e s u l t i n g  solut ion for  u(~'). In a c c o r d a n c e  with the above d i s c u s s i o n  we can ident i fy  th ree  
c h a r a c t e r i s t i c  s e g m e n t s  of  the p r e s s u r e  r e c o v e r y  c u r v e .  The f i r s t  s egmen t  1 c o r r e s p o n d s  to the t ime 
in te rva l  

0 ~ O . i O  

(3.1) 

The second  s e g m e n t  2 c o r r e s p o n d s  to the in te rva l  0.1 0 < z < 10 0. Here  we shal l  d e s c r i b e  the 
p r e s s u r e  change a p p r o x i m a t e l y  by t h r ee  t e r m s  of  the expans ion  (2.13), c o r r e s p o n d i n g  to t e r m s  of o r d e r  
~0 ,  ~I, ~2 ,  ~3  in ( 2 . 1 1 )  

A ~ Q~ (]n 2.25 ~__ ~ [ i + 2 ~ + 3 x  ~) a~(l+3x) 
P ~-2-Y~ ,<, t - -~ 2(1 +01~) ~- (~ §  '~ 

a 3 a(a +3~) ~ a~(l +6a) a~ (3.2) 
- -2 (1+0 /~)  ~ ~ '2(t+20/-0 --4(1+20/T) i~ 2(~+20/~) 3 

2(1 +30/~) ~ 2 ( i+  30/'0 ~- 6 (1 ~-3-0/z) ~ ) 

The th i rd  s e g m e n t  3 c o r r e s p o n d s  to the t ime  in te rva l  1O 0 < T < oo;, h e r e  

A p = - -  Q~ E i ( - - 4 ~ ) ~  Q~ (ln2.25+ln~) 
4z~kh , ~ n  (3.3) 

The app rox i m a t e  f o r m  of the t heo re t i ca l  p r e s s u r e  r e c o v e r y  cu rve  is shown in the f igure .  The 
a s y m p t o t e  CD c o r r e s p o n d s  to l o w e r  c o m p r e s s i b i l i t y  and g r e a t e r  p iezocondue t iv i ty  of the f o r m a t i o n  ( for-  
ma t ion  roo f  and f l oo r  st i l l  s t a t iona ry ) ,  the a s y m p t o t e  AB c o r r e s p o n d s  to m a x i m a l  c o m p r e s s i b i l i t y  of  the 

791 



~p 

E 

C 

A 

17 

g 

Fig.  1 

3 

fo rmat ion  (formation roof  and f loor c o m p r e s s  the skeleton of the porous  
medium);  both asympto tes  a r e  descr ibed  by the s ame  tradi t ional  fo rmulas  
for  the e las t ic  f i l t ra t ion r e g i m e  (3.1) and (3~ with the same  conductivity 
kh/# but with different  effective piezoconductivi ty p a r a m e t e r s  ( ~ / ( 1 -  ~) 
and u) .  

Le t  us make some numer ica l  e s t i m a t e s .  L e t  d = 20 rnm, r w = 10 cm,  
= 104 cm2/sec .  Then e = 104 and the durat ion of in terval  1 will be ~'~ = 0.1 
= 103 o r t =  1 0 s e c .  The segmen t  3 begins a t  ~-2 = 10 0 =  105 or a r t =  1000 

sec .  Thus the duration of the t rans i t ional  segment  2 will be on the o rde r  of 
17 min~ 

We see f r o m  this example  that segment  1 can in general  be omit ted 
en t i re ly  in prac t ica l  m e a s u r e m e n t s  on wel ls ,  and segement  2 of the curve 

can be the p r i m a r y  object  of observa t ion .  In so doing the f i r s t  half of this segment  (up to the a r row  in the 
figure) can be taken as the defect ive p a r t  of the curve  (for example ,  because  of noninstantaneous shutdown 
of the well), and the second pa r t  (after the a r row)  can be taken as  the asympto te  AB. Then drawing the 
fa lse  asympto te  EF (dashed) f rom the exper imenta l  points leads  to ove res t ima t ion  of the piezoconductivi ty 
coefficient  u and underes t imat ion  of the conductivity kh/p in compar i son  with the i r  actual  va lues .  

In the case  of l ow-pe rmeab i l i t y  format ions  (small u) segment  1 may  be r eco rded  on the p r e s s u r e  
r e c o v e r y  cu rves .  Then the t rans i t ion to segment  2 (up to the a r row)  can be mis takenly  taken as the 
asympto te  cor responding  to ' t radi t ional  e las t ic  f i l t ra t ion r eg ime  theory .  

In conclusion we emphas ize  that  for  ve ry  long p r e s s u r e  r e c o v e r y  t imes  the assumpt ionof  s ta t ionar i ty  
of the initial p r e s s u r e  dis tr ibut ion is no longer  sa t i s f ied .  The requ i red  cor rec t ion ,  as in known [5, 6], 
l i e s  in plotting the curve  of Ap v e r s u s  ln[T/(T + T)], where  T is the t ime of t es t  well opera t ion up to the 
moment  of shutoff. 
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